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ABSTRACT
C o r r e l a t i o n  a n a l y s i s  o f  a second  o r d e r  p h a s e  l o c k e d  loop  i s  
p r e s e n t e d .  Under s t a b l e  c o n d i t i o n s  a m p l i t u d e s  o f  t h e  f u n d a m e n ta l  
and th e  t h i r d  ha rm on ic  component o f  p h a s e ,  0 ( r a d i a n s )  a r e  d e r i v e d  
f o r  d i f f e r e n t  s i n u s o i d a l  f r e q u e n c y  d e v i a t i o n s  f o r  which  c o n t i n u o u s  
l o c k i n g  i s  m a i n t a i n e d .  V e r i f i c a t i o n  o f  t h e s e  r e s u l t s  w i t h  t h e o r e ­
t i c a l  p r e d i c t i o n s  by Dr. S.N. K a l r a  and P.H.  A le x a n d e r  i s  c a r r i e d  o u t .
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CHAPTER I .
INTRODUCTION
C o r r e l a t i o n  f u n c t i o n s  a r e  r e l a t e d  i n  a q u i t e  n a t u r a l  way to  t im e  
f u n c t i o n s  w h ic h  c a r r y  i n f o r m a t i o n .  I f  a t ime  f u n c t i o n  c a r r i e s  i n f o r ­
m a t i o n  and t h e  f low o f  i n f o r m a t i o n  i s  u n i n t e r r u p t e d ,  i t  i s  e s s e n t i a l  
t h a t  t h e  f u n c t i o n  be o f  such  a n a t u r e  t h a t  i t s  v a r i a t i o n s  from i n s t a n t  
to  i n s t a n t  a r e  a t  l e a s t  i n c o m p l e t e l y  p r e d i c t a b l e  as  f a r  as  t h e  r e c e i v e r  
i s  c o n c e r n e d .
One a s s u m p t i o n  we make i s  t h a t  t h e  t ime  f u n c t i o n s  a r e  p h y s i c a l l y  
o f  c o n s i d e r a b l e  d u r a t i o n  so t h a t  t h e o r e t i c a l l y  t h e y  e x te n d  from th e  
i n f i n i t e  p a s t  t o  t h e  i n f i n i t e  f u t u r e .  A n o th e r  a s s u m p t io n  i s  t h a t  t h e  
s t a t i s t i c a l  p r o p e r t i e s  o f  t h e s e  f u n c t i o n s  a r e  i n v a r i a n t  under  a s h i f t  
i n  t h e  t im e  o r i g i n ,  i . e .  t h e  f u n c t i o n s  a r e  s t a t i o n a r y  i n  t im e .  M essages  
and n o i s e  a r e  r e g a r d e d  as  s t a t i o n a r y  random p r o c e s s e s  and a r e  d e s c r i b e d  
and c h a r a c t e r i s e d  i n  te rm s  o f  s t a t i s t i c s  and p r o b a b i l i t y .
AUTOCORRELATION
For a l a r g e  number o f  p h y s i c a l  a p p l i c a t i o n s ,  t h e  most  u s e f u l  
c h a r a c t e r i s t i c s  o f  a s t a t i o n a r y  random p r o c e s s  i s  i t s  a u t o c o r r e l a t i o n  
f u n c t i o n .  I f  f ^ ( t )  r e p r e s e n t s  .a member f u n c t i o n  o f  an ensem b le ,  
w h ic h  r e p r e s e n t s  t h e  random p r o c e s s ,  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  i s  
d e f i n e d  as
—  1—
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
-  2 -
CROSSCORRELATION
The c r o s s c o r r e l a t i o n  between two f u n c t i o n s  f ^ ( t )  and 
i s  d e f in e d  as
#12(T)  = T^^^a, 2T /  +  T) d t  (2 )
- 0 0
The c r o s s c o r r e l a t i o n  f u n c t i o n  for  two i n c o h e r e n t  f u n c t i o n s ,  for  
example speech  and r e s i s t o r  n o i s e ,  i s  a c o n s t a n t  or ze ro ,
PERIODIC FUNCTIONS
For p e r i o d i c  f u n c t i o n s  we need not  c o n s id e r  the ensemble average  
and the d u r a t io n  over which  the f u n c t i o n  i s  c o n s id er e d  need be on ly  
one complete  c y c l e  o f  the f u n c t i o n s .  Also  we know from geom etr ic  con­
s i d e r a t i o n s  t h a t  0^^(T) = 0^^(-T) , hence for  p e r i o d i c  f u n c t i o n s
1 ^1
C^llCT) -  Y" /  f . ( t )  f i ( t  + T) d t  (3 )^1 0 1 1
and for p e r i o d i c  f u n c t i o n s  f ^ ( t ) ,  f ^ f t )  o f  the same fundamental
frequency  c r o s s c o r r e l a t i o n  i s  d e f in e d  as
1 ^1
A (T) = —  /  f  ( t )  f  ( t  + T) d t  (4 )
i f  0 1 2
wher e Tj^  i s  the  complete  p e r io d  o f  f ^ ( t )  and f^Ct)
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Phase Locked O s c i l l a t o r
A phase locked o s c i l l a t o r  i s  a tune ab le  e l e c t r o n i c  power source  
in c o r p o r a t e d  i n t o  a feedback  loop .  One such o s c i l l a t o r  has been  
deve loped a t  the U n i v e r s i t y  o f  Windsor and i s  used to d e t e c t  a FM 
s i g n a l  i n  the p r e s e n c e  o f  an a p p r e c i a b l e  amount o f  n o i s e  power. Phase  
l o c k in g  i s  accompl ished  by s e n s in g  the  d i f f e r e n c e  i n  phase  between the  
s i g n a l  and the  v a r i a b l e  frequency  l o c a l  o s c i l l a t o r  output  and t h i s  
d i f f e r e n c e  i s  used to syn c h r on ize  the  c o n t r o l l e d  phase w i t h  the  s i g n a l  
p hase .  A measure o f  the phase d i f f e r e n c e  i s  o b ta in ed  by means o f  a 
phase comparator or phase d i s c r i m i n a t o r  which produces  an output  v o l t a g e  
( e r r o r  f u n c t i o n )  dependent on t h e  phase d i f f e r e n c e  between the i n p u t s .
I t  i s  the  purpose o f  t h i s  paper to  p r e s e n t  c o r r e l a t i o n  d ata  o f  
s i g n a l  and error  f u n c t i o n s  u s i n g  the c o r r e l a t i o n  computer.  The data  
i s  used to a n a l y s e  the n o n - l i n e a r  c h a r a c t e r i s t i c s  o f  the  phase  locked  
o s c i l l a t o r .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER I I ■
CORRELATOR COMPUTER
The c o r r e l a t o r  compute r  p e r f o r m s  t h r e e  o p e r a t i o n s ,  namely d i s ­
p l a c e m e n t ,  m u l t i p l i c a t i o n  and i n t e g r a t i o n .  F i g .  2 i s  a b l o c k  d i ag ra m  
o f  t h e  c o r r e l a t o r  c o m p u te r .  I t  c o n s i s t s  o f  a lumped c o n s t a n t  d e l a y  
l i n e  w i t h  a d e l a y  r a n g e  o f  0 - 4 0 0  m i c r o s e c o n d s  i n  one m ic r o s e c o n d  s t e p s .  
T h i s  p e r t a i n s  t o  d i s p l a c e m e n t .  B a la nce d  m o d u l a t o r s  ( F i g .  3) i n  con­
j u n c t i o n  w i t h  t h e  a m p l i f i e r s  ( F i g , 4) a r e  used  i n  t h e  t r a n s l a t i o n  o f  
t h e  i n f o r m a t i o n  from t h e  s i g h a l  to  the i n t e r m e d i a t e  f r e q u e n c y  n e c e s s a r y  
f o r  m u l t i p l i e r  c i r c u i t  i n p u t .  The m u l t i p l i e r  ( F i g .  5)  makes u s e  o f  
t h e  p r o p e r t i e s  o f  6SA7 p e n t a g r i d  c o n v e r t e r  as  d e s c r i b e d  by Synder 
and h i s  c o l l e a g u e s .  The i n t e g r a t o r  and f i l t e r  u n i t  ( F i g .  5) p e r f o r m s  
i n t e g r a t i o n  and e l i m i n a t e s  u n d e s i r e d  s i g n a l  i n  t h e  o u t p u t .  The o u t ­
p u t  o f  t h i s  u n i t  i s  compared w i t h  a d . c .  v o l t a g e  and the d e s i r e d  c o r ­
r e l a t i o n  f u n c t i o n  can be computed f o r  d i f f e r e n t  d e l a y  t i m e s .
BALANCED MODULATORS
A normal  AM o u t p u t  h a s . t h e  form
F ^ ( t )  = K(1 + m f ( t ) )  cos
where  (n i s  t h e  c a r r i e r  f r e q u e n c y  and f ( t )  i s  t h e  m o d u l a t i n g  s i g n a l .  
The c o r r e s p o n d i n g  m a t h e m a t i c a l  e x p r e s s i o n  f o r  a DSB output  i s
p ( t )  = K f ( t )  cos
- h -
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The DSB system d i f f é r a s  from normal AM simply  by s u p p r e s s in g  
the  c a r r i e r  term. This  means t h a t  w i t h  no m odulating  s i g n a l  a p p l i e d  
the  output  should  be z e ro .
One p o s s i b l e  scheme for s u p p r e s s in g  or b a l a n c in g  out  the  c a r r i e r
term i s  shown in  F i g .  3 .  This  c i r c u i t  u s e s  6SA7 p e n t o d e s .  The
c a r r i e r  i s  a p p l i e d  i n  phase to g r id  1 w h i l e  the  m odula t ing  s i g n a l  i s
a p p l i e d  i n  o p p o s i t e  phase  to gr id  3 o f  the  6SA7 p e n t o d e s .
The two c u r r e n t s  i^ and i^ may be w r i t t e n  i n  the  form
i^ = K(1 + m f ( t ) )  cos
and
i^ = K(1 - m f ( t ) )  cos  co^t
(The o th e r  terms generated  i n  the n o n - l i n e a r  p r o c e s s  are assumed 
f i l t e r e d  o u t ) .
The e f f e c t i v e  output  c u r r en t  i s
i^  = i^ - i 2  = K f ( t )  cos  co^t
N o t i c e  th a t  t h e  c a r r i e r  has been suppressed  i n  the ou tput .
MULTIPLIER
The a p p l i c a t i o n  o f  the m u l t i g r i d  vacuum tube i n  m u l t i p l i e r s  and 
squarers  has been d e s c r i b e d  i n  the  l i t e r a t u r e  . However, we have  
employed a m u l t i g r i d  modulator as d e s c r i b e d  by Synder and O'Meara^^^. 
The o p e r a t i o n  i s  dependent on l i n e a r  c h a r a c t e r i s t i c  c u r v e s ,  as a
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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square law d e v i c e  must be i n h e r e n t l y  n o n - l i n e a r  in  i t s  o p e r a t i o n .  
I t  i s  b a s i c a l l y  a four quadrant d e v i c e  in  the  s e n s e  t h a t  a l g e b r a i c  
s i g n  i n fo r m a t io n  i s  p r e s er v e d  i n  t h e  ou t p u t .  I t  i s  a phasor m u l t i ­
p l i e r  in  that,'  g iv en  two i n p u t s  e x p r e s s i b l e  by e^ and e^
en = A. e 1 1
j (  üjt + 0. )
j(cot + ©2 )
The output  i s  i d e a l l y  e x p r e s s i b l e  as e
e = KAi A„ e o 1 2
j(2o)t + ©2 + ©2^ (5)
I t  i s  seen  t h a t  the  phase in fo r m a t io n  i s  p r e s er v e d  i n  the o u tp u t .
INTEGRATOR AND FILTER
This u n i t  s e r v e s  two p u r p ose s .
1. The u n d es ired  f r e q u e n c i e s  i . e .  f r e q u e n c i e s  i n v o l v i n g  c a r r i e r
frequ en cy ,  are e l i m i n a t e d .  Hence we r e q u i r e  a low pass  f i l t e r .
2
2.  The output  o f  t h e  m u l t i p l i e r  i s  o f  the  form f ^ ( t )  f^Ct)  cos  o3^ t  
where i s  the m odula t ing  angular  frequ en cy .  The second opera­
t i o n  t h a t  th e  u n i t  performs i s  t h a t  o f  an i n t e g r a t o r .
I n t e g r a t i n g  a c t i o n  can be understood from F i g .  1.
/?
‘ t
V o
I
F ig .  1.
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Vq( s ) 1 / cs
H(s)  =   = ----------
V^(s)  R + 1 / c s  Res + 1
Hence fo r  R »  1 / c s ,  the  c i r c u i t  a c t s  as an i n t e g r a t o r .
A s im ple  RC jt network as i n  F ig .  5 performs both  t h e s e  o p e r a t i o n s .
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CHAPTER I I I .
A p p l i c a t i o n  o f  G e n e r a l i z e d  Harmonic A n a l y s i s  t o  Phase  Locked O s c i l l a t o r
C o n s id e r  t h e  loop i n i t i a l l y  i n  l o c k  w i t h  z e ro  p h a s e  and z e ro  f r e q u e n c y  
e r r o r  as  m easu red  a t  t h e  p h a s e  c o m p a r a t o r  o u t p u t .  I f  t h e  f r e q u e n c y  o f  
t h e  i n p u t  s i g n a l  i s  i n c r e a s e d ,  t h e  i n c r e a s e  i n  f r e q u e n c y  a t  t h e  i n p u t  
i s  d e t e c t e d  as  an i n c r e a s e  i n  p h a s e  d i f f e r e n c e  be tw een  t h e  I F  s i g n a l  
and IF  r e f e r e n c e .  The e r r o r  f u n c t i o n  i s  a v o l t a g e  and i t s  m ag n i tu d e  
depends  upon t h e  d e v i a t i o n  from t h e  r e f e r e n c e  f r e q u e n c y .
A m e a n i n g f u l  c o r r e l a t i o n  a n a l y s i s  o f  t h e  p h a s e  l o c k e d  loop i n v o l v e s  
F o u r i e r  r e p r e s e n t a t i o n  o f  t h e  i n p u t  namely t h e  m o d u l a t i n g  and e r r o r  
s i g n a l s .  We c o n s i d e r  t h e  e x p a n s i o n s
^10 “
f  ( t )  = —— 4- 2 ( a  cos  n  co, t  + b s i n  n ^  t )  (6)•*- I  - i n  1 In  1n= l
Upo CO
f pCt )  -  —y -  4- 2 cos  n m ^t  + b^^  s i n  n co^t) (7)
n= l
Another  r e p r e s e n t a t i o n  o f  t h e s e  f u n c t i o n s  u s i n g  e l e m e n t a r y  F o u r i e r  
a n a l y s i s  i s
n = o o  .
f ^ ( t )  = 2 (8 )
n = co 
n =00
fgC t) = 2 ^2^^^ (9 )
n = oo
where
- 12-
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( 11)
and
1 - jn^ iC
h n  =  T 7  f  f i ( t )  e  d t ( 12)
-T 1 / 2
1 r m
2n T,
.% l/2
(1 3 )
where n = 0, +  1, + 2 ,
we have t h e r e f o r e  the  c r o s s c o r r e l a t i o n  fu n c t io n  as
1 r+ 1 /2
' - ^ 1 / 2
f ^ ( t )  fg ( t+ T )  d t
-  1
I  T
r+^1/2
n = 0 0  1 )
f ^ ( t ) e j " “ l*' d t  (14 )
- ^ 1 /2
where F^(n) and FgCn) are  g iv e n  by (10 )  and ( 1 1 ) ,  i f  fo r  e i t h e r  f ^ ( t )
and f 2 ( t ) ,  we l e t
C = V  a^ +n n n
0 = tan   ^ ( -  —  )
(15 )
(16)
( 1 7 )
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We can show 0 = 0  by f i r s t  p r o v in g  a = a and b = - b-n  n -n  n -n  n
Making use o f  th e s e  d e t a i l s  in  r e d u c t io n  o f  (1 4 )  to  th e  r e q u ir e d  
form, we have
^10 ^20 . 1 00
-  - V -  + 2  h  h n  S n  + »2„ ‘  ®1„>n « l
(1 9 )
Two comments co n cern in g  t h i s  r e s u l t  would be u s e f u l  fo r  our p urpose .  
F i r s t ,  th e  c o n s ta n t  and harmonic c o e f f i c i e n t s  in  the  c r o s s - c o r r e l a t i o n  
f u n c t io n  appear a s  p rod u cts  o f  the corresp on d in g  q u a n t i t i e s  in  the  
g iv e n  f u n c t io n s  f ^ ( t )  and f g ^ t ) .  C on sequ en tly ,  i f  the  c o n s ta n t  or any 
harmonic i s  ab sen t  in  e i t h e r  f ^ ( t )  or f 2 ( t ) ,  the c o n s ta n t  term o f  the  
c o rresp on d in g  harmonic term w i l l  be a b sen t  in  the  c r o s s - c o r r e l a t i o n  
f u n c t io n s .  Second a n o ta b le  d i f f e r e n c e  betw een a u t o c o r r e la t i o n  and 
c r o s s - c o r r e l a t i o n  i s  t h a t ,  whereas a u t o c o r r e la t i o n  d i s c a r d s  a l l  phase  
in fo r m a tio n  in  th e  g iv e n  f u n c t io n ,  c r o s s - c o r r e l a t i o n  r e t a i n s  a l l  the  
phase d i f f e r e n c e s  o f  the harmonics which are  p r e s e n t  in  both  p e r io d ic  
f u n c t i o n s .
An e x p r e s s io n  fo r  the  a u t o c o r r e la t i o n  fu n c t io n  in  terms o f  the  
c o e f f i c i e n t s  o f  th e  F o u r ier  exp an s ion  o f  a g iv e n  p e r io d ic  f u n c t io n  
f o l l o w s  from (1 9 )  and i s  g iv e n  by
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0 1 l ( T )  =
n=I
( 20)
= Z C, COS nuiT 
n=0 ^
2 2 , , 2
, _ 2 ®I0 . _ 2 In Inwhere   and =  g---------
C o r r e la t io n  A n a ly s i s
The g e n e r a l  b lo c k  diagram o f  a phase lock ed  looped as c o n s id e r e d  by
r / 1
S.N . K alra and P.H. Alexander i s  reproduced be low .
F ig .  6 .  BLOCK DIAGRAM OF THE PHASE LOCKED LOOP
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A s im ple  c a s e  o f  a s i n u s o i d a l l y  v a r y in g  r e f e r e n c e  or input  f r e ­
quency w i t h  an i n t e g r a t o r  i n  the  loop i s  c o n s id e r e d .  An R-C loop
f i l t e r  which  has th e  t r a n s f e r  f u n c t i o n  o f  th e  type  -------  i s  u sed ,
P+a
hence a second order sys tem i s  o b t a in e d .
The f o l l o w i n g  nomenc lature  i s  used  
NOMENCLATURE
A  ^ = Amplitude o f  the  fundamental  component o f  phase ( r a d ia n s )
A  ^ = Amplitude o f  the  t h i r d  harmonic component o f  phase  ( r a d i a n s )
C^  = Reference  s i g n a l  ampl itude  ( v o l t s )
Cg = VCO outp u t  ampl itude
= Phase comparator output  ( e r r o r  s i g n a l )  i n  v o l t s
F(p)  = F i l t e r  t r a n s f e r  f u n c t i o n
Kq = KpC C ( v o l t s / r a d )
= F i l t e r  D.C. Gain 
Kg = VCO ga in  ( r a d . / v o l t )
K = Loop ga in  ( r a d . / s e c )
P = Laplace  o pera tor
0^ = VCO phase
0^ = R eference  s i g n a l  phase
0 = Phase d i f f e r e n c e  between r e f e r e n c e  s i g n a l  and VCO
= VCO c e n t e r  frequency
(»m
“ s
= Modulation frequency  
= R eference  s i g n a l  frequency
[4]The system e q u a t io n  f o r  F i g .  5 may be w r i t t e n  as
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C.CL
e , = K„ s i n  0 = _JL_£ d U 2
KQK^KgF(p)
s i n  0  (t)-(jo t ----------------------- s i n  0s c  p
[4]
I t  has been shown by S.N.  Kalra and P.H. Alexander t h a t  the  
s o l u t i o n  f o r  the  phase 0  o f  the e r ro r  s i g n a l  i s  g i v e n  by
0 ( t )  = Ai cos  m t  -  A. cos  3m t  i  m o  m ( 21)
A v e r y  s i m p l i f i e d  c a s e  o f  i n t e r e s t  under c o n d i t i o n s  when A^^^ 0 
o f f e r s  a s im ple  s o l u t i o n  f o r  the spectrum o f  the  error  s i g n a l  and i s  
g i v e n  by e q u a t io n  ( 2 2 ) be low.
e ,  = 2K«[ J., (A, ) c o s  m t - J _ ( A - ) c o s  3m t+J ( A . ) c o s  5m„t ( 2 2 )
u U i 1 t l l j J  m j i  m
Only odd harmonics  are  c o n t a in e d  i n  e q u a t io n  ( 2 2 ) .  The c o r r e l a t i o n  
o f  error  and m odula t ing  s i g n a l s  i s  o f  i n t e r e s t .
We n o t e  t h a t  i f  the  fundamental  frequency  o f  our m odula t ing  s i g n a l  
and the e r ror  s i g n a l  i s  the  same, then  th e  c r o s s - c o r r e l a t i o n  c o n t a i n s  
o n ly  th e  fundamental  terms,  the o t h e r  terms b e i n g  a b s e n t .
The am pli tudes  o f  the  harmonic components Aj^  ^ Ag e t c .  are a
f u n c t i o n  o f  d e v i a t i o n  from t h e  c e n t r e  frequ en cy  ofi v o l t a g e  c o n t r o l l e d  
o s c i l l a t o r  and tend to  i n c r e a s e  i n  ampli tude  as  the d e v i a t i o n  i n c r e a s e s .
T - ^ 0 0  2T
,+T
-T
f ^ ( t )  f p ( t  + T) d t ( 2 3 )
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S in c e  th e  system i s  n o n - l i n e a r ,  we w r i t e
f g ( t  +  T) = l i n e a r  terms + n o n - l i n e a r  terms
In the measured c r o s s - c o r r e l a t i o n  the  n o n - l i n e a r  terms do not  
appear ,  but  the ampli tude  o f  the output  f u n c t i o n  i s  dependent upon 
th e  d e v i a t i o n  from the c e n t e r  frequency  u) ) ,  hence
,  (T)  .  I -  1 .
*10^ / T-»*» 2T f f ^ ( t ) d t  A(^a>) j  h & / ) f ^ ( t + T - V ) d t  (24 )
J  -  -00
where h(vl) i s  the  u n i t  impulse  r e s p o n s e .
We have in tr od u ce d  the s u p e r p o s i t i o n  i n t e g r a l  f o r  f g ( t  + T) above .  
By i n v e r t i n g  the  order o f  i n t e g r a t i o n  i n  (24 )  above,  we have
+ 0 0  +T
0^q(T) = A(A0 i  ) j  h(V)d ( f ^ ( t ) f ^ ( t + T - V ) d t  (25 )
-0 0
But +T
* l l ( T  i ï  ( £ i ( t ) £ i ( t + T - ' > ) d t  ( 26 )
-T
+«
0^q(T)  = A(ACJ ) j  h (ü )  d i i ( T  - Ü  ) d j  (27 )
We have shown t h a t  the in p u t - o u t p u t  c r o s s - c o r r e l a t i o n  o f  our sys tem  
i s  the  c o n v o l u t i o n  o f  the  u n i t  impulse  r e sp o n s e  h ( t )  and t h e  in put  
a u t o c o r r e l a t i o n .  I t s  v a l u e  changes w i t h  t h e  change i n  d e v i a t i o n  from 
c e n te r  freq u en cy .  When we take  i n t o  c o n s i d e r a t i o n  the  e f f e c t  o f  the
[3]n o i s e ,  the problem becomes v e r y  complex . A s i m p l i f i e d  approach i s
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p r e s e n te d  be low.
Phase 0 o f  the error  s i g n a l  i s  g i v e n  by e q u a t io n  (21 )
0 ( t )  = cos  m^t -  A  ^ cos  3 m^t
The e r ror  s i g n a l  can be approximated by th e  f i r s t  two terms o f  
the  s i n e  s e r i e s ,  i . e . ,
«d ■ Kg Sin «
?  Kg ( 0  -  I r  )
This  i s  j u s t i f i e d  due t o  the  l i m i t a t i o n  t h a t  t h e  phase  d i f f e r e n c e  
between the r e f e r e n c e  s i g n a l  and the  VCO s i g n a l s  must be l e s s  than 
jr/2 r a d i a n s .  E xp e r im e n t a l ly  t h i s  i s  a good approximat ion and c r e a t e s  
no problems.
Hence
= Kg(A^ cos  0-Ag cos  30)  - (A^ cos  G-A^cos 3 6 )  (28 )
where 0  = mt
3 1cos  0  = ( 3 c o s  0  +  cos  30)  
cos^ 30 = ( 3 c o s  30 + c os  90)
cos^G cos  30 = —— cos  0  +  cos  50 (2 9 )
„ 2 cos  0 , cos  50 . cos  70cos  0 c os  30 = — X—  + — 7 -----  +  — 7 -----
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u s i n g  t h e  r e l a t i o n s  a b o v e  i t  f o l l o w s  t h a t
3 2 2A, A, A A
s i n  0  = c o s  e  [ A  ^ - —L. + —i — ]
A? A? A? A.
+  c os  38 [ -  Ag - ^ 1 -  +  ] (30 )
+  cos  58 [ ^  ]
8 8
, 2  2 ^3A.J A~ A_
+  cos  78 [  g j +  - - -  cos  98
I f  the m odula t ing  s i g n a l  i s  g i v e n  by fg = A cos  ( c o t  +  8 ) ,  then the  
error  s i g n a l  and m odula t ing  s i g n a l  c r o s s - c o r r e l a t i o n  i s
«12C £> = I  A Kg
3 2 2Ai  ^ Ag A  ^ Ag
Ai - _  +  ^ c o s (  m^T - 8 ) . (31 )
where o n ly  the  terms o f  fundamental  f requency  c o n t r i b u t e .
The am pli tude  i s  g i v e n  by the product  o f  the am pli tude  o f  the  
m odulating  s i g n a l  and one h a l f  the  ampli tude  o f  the error  v o l t a g e .  Note  
t h a t  we have n o t  c on s id e r e d  th e  phase  o f  the  error  s i g n a l .  I n  g e n e r a l  
the  phase d i f f e r e n c e  between the  m odulating  s i g n a l  and the  error  i s  n 
r a d i a n s .
The e x p r e s s i o n  fo r  the  a u t o c o r r e l a t i o n  o f  error  f u n c t i o n s  i s  
g i v e n  by
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* l l ( T )  = "4-----  + 2  2 ( * l n  +  t l n ) = ° *  (3%)
n=l
where the  c o e f f i c i e n t s  o f  the  e r ror  s i g n a l  ar e  g iv e n  by ( 3 0 ) ,  S.N.  Kalra  
and P.H. Alexander have c a l c u l a t e d  the  v a l u e s  o f  A^, A^, A  ^ e t c .  From 
t h e i r  p r e d i c t e d  v a l u e s  a good approximat ion  o f  the a u t o c o r r e l a t i o n  f u n c t i o n  
i s  d e r iv e d  below
3
A,  A, A. A, A„
“u  ■ ^  -  - f  +  ^  -  - V -
4  •  4-
Using  (3 2 )  th e  a u t o c o r r e l a t i o n  i s  g i v e n  by (33 )
3 2 ' 2
1 A. A. Ao A. A« 2
<^ 1 1 <T) = 2 [ -  —  +  — g—  - — ^  ] cos  m T
(3 3 )
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CHAPTER I V .
RELATED DATA
S.N. K a l r a  and P.H'. A le x a n d e r  s o l v e d  t h e  n o n - l i n e a r  loop  e q u a t i o n  
by r e d u c i n g  i t  t o  D u f f i n g ' s  e q u a t i o n .  Under c o n d i t i o n s  t h a t  t h e  p h a s e  
d i f f e r e n c e  be tw een  t h e  r e f e r e n c e  s i g n a l  and t h e  VCO s i g n a l  must  be 
l e s s  t h a n  j t / 2  r a d i a n s ,  t h e y  d e r i v e d  t h e  v a l u e  o f  t h e  a m p l i t u d e s  o f  
t h e  f u n d a m e n ta l  and t h e  t h i r d  ha rm on ic  component  o f  p h a s e ,  0 ( r a d i a n s ) .  
T h e i r  t h e o r e t i c a l  v a l u e s  a r e  l i s t e d  below under  s p e c i f i e d  c o n d i t i o n s .
M o d u la t in g  f r e q u e n c y  = 5KC/s
SIGNAL POWER I 
NOISE POWER !
db i
LOOP GAIN 
KC/s
FREQUENCY
DEVIATION
KC/s
AMPLITUDE:
Ai :
r a d i a n s
AMPLITUDE 1 
A3 { 
r a d i a n s  ■ Î
40 j: 16 2 . 0 0.8955  ; 0 .00219  j
40 : 16 3 . 0 1.21157  i 0 .00542  :
40 i 16 4.  0 1.4657  j 0.0096
40 1 16 5 . 0 1.6775  i 0 .0155  j
1 8 ; 2 . 0 0 .5 718 0 .0 0028  ;
8 3 . 0 0.8401 0.0009  1
: 65 !
!
8 : 5 . 0  
.
1 .3247 ;
!
0 .0 0354  1
R e s u l t s  o f  c o r r e l a t i o n  m easu rem en ts
( a )  A p h a s e  l o ck e d  loop  i s  b a s i c a l l y  v e r y  u n s t a b l e  f o r  h i g h  f r e q u e n c y  
d e v i a t i o n  and low loop  g a i n .  I n  g e n e r a l  when t h e  freq u en cy  d e v i a t i o n  
i s  l a r g e r  t h a n  m o d u l a t i n g  f r e q u e n c y  t h e  l o c k  becomes v e r y  u n s t a b l e .
— 22 —
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(b)  S in c e  a phase locked  loop i s  i n h e r e n t l y  a n o n - l i n e a r  d e v i c e ,  
c o r r e l a t i o n  a n a l y s i s  o f  n o i s e  i s  v e r y  complex. This  work i s ,  t h e r e ­
f o r e ,  r e s t r i c t e d  to the c a s e  o f  h igh  s i g n a l  to  n o i s e  r a t i o .
( c )  Due to  th e  f a c t  t h a t  we employ a lumped c o n s ta n t  d e l a y  l i n e  w i t h  
a d e lay  range o f  0 t o  400 m icrosecond s  i n  one microsecond  s t e p ,  we are  
r e s t r i c t e d  i n  th e  range  o f  p r a c t i c a l  m odula t ion  f r e q u e n c i e s .  Data i s  
p r e s e n te d  a t  5KC o n l y .
(d)  E x p er im e n ta l ly  the  ou tput  o f  the f i l t e r  f o r  d i f f e r e n t  d e l a y  t imes  
was measured.  The a u t o c o r r e l a t i o n  d a ta  i n  a r b i t r a r y  u n i t s  has been  
normalized  and Fou r ie r  s e r i e s  c o e f f i c i e n t s  found i n  order to  compare 
w i t h  t h e o r e t i c a l  r e s u l t s .
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TABLE I
A u t o c o r r e l a t i o n  o f  Error S i g n a l
Observed output  d ata  o f  error  s i g n a l  i n  a r b i t r a r y  u n i t s
Modulation  frequency  f^  = 5KC/s
Loop gain  K = 16KC/s
S/N S i g n a l  Power /Noise  Power = 40db
Frequency d e v i a t i o n  : A f
D i f f e r e n t i a l  output  o f  f i l t e r  i n  a r b i t r a r y  u n i t s E
Delay  
p s e c s .
....... .... .......  -■
A f  = 2KC/s 
AE ( a . u )
A f  = 3KC/s 
AE ( a . u )
A  f  = 4KC/s 
A  E ( a . u )
----- 1
^ f  = 5KC/s 
A E  ( a . u )
0 1 . 8 2 .4 1 . 8 1 . 2
2 0 1 . 1 1 . 8 ! 1 . 2 0.7
40 - 1 . 0 - 0 . 6 - 0 . 6 - 1 . 2
60 - 3 . 4 - 3 . 4 - 2 . 8 - 3 . 3
80 - 4 . 6 - 5 . 8 - 4 . 7 - 4 : 6
1 0 0 - 5 . 0 - 6 . 5 - 5 . 6 - 4 . 8
1 2 0 - 4 . 2 - 5 . 6 - 4 . 8 - 3 . 4
140 - 2 . 5 - 3 . 2 - 2 . 8 5 - . 2 4
160 - 0 . 6 - 0 . 5 - 0 . 7 - 1 . 0
180 1 . 0 1 . 6 1 . 1 0 . 4
2 0 0 1 . 8 2 . 4 1 . 8 1 . 2
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table  I I
A u t o c o r r e l a t i o n  o f  E r r o r  S i g n a l
Observed output  d ata  o f  e r ro r  s i g n a l  i n  a r b i t r a r y  u n i t s  
M odulat ion frequency  f^  = 5KC 
Loop ga in  K = 8 KC/s
S i g n a l  to n o i s e  r a t i o :  S/N = 65db
Delay  
l_i s e c s .
i
D i f f .O u t p u t  o f  
f i l t e r  ( a r b . u n i t s )  
Freq.Dev.  = 2KC/s
D i f f .O u t p u t  o f  
f i l t e r  ( a r b . u n i t s )  
Fr e q . Dev. = 3KC/ s
D i f f .O u t p u t  o f  
f i l t e r  ( a r b . u n i t s )  
Freq.Dev.  = 5KC/s
0 1 . 0 1 . 0 1 . 0
2 0 0 .6363 0 .5128 0.5833
40 - 0 .2 7 2 7 - 0 . 5 1 2 8 - 1 . 0
60 - 1 . 4 0 9 0 - 1 . 6 6 6 6 - 2 . 7 5
80 - 2 . 4 0 9 - 2 . 6 6 6 6 - 3 . 8 3 3 3
1 0 0 - 2 .7 7 2 7 - 2 .9 7 4 3 - 4 . 0
1 2 0 -2 . 3 6 3 6 - 2 . 6 6 6 6 - 2 . 8 3 3 3
140 - 1 .3 6 3 6 - 1 . 6 6 6 6 - 2 . 0
160 - 0 .2 7 2 7 - 0 .4 6 1 5 -1 .1 6 6 6 6
180 0.6363 0 .6486 - 0 .3 3 3 3
2 0 0 1 . 0 1 . 0 1 . 0
,.J
1 6 8 1 2 0  
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TABLE I I I
C r o s s c o r r e l a t i o n  o f  E r r o r  and M o d u l a t i o n  S i g n a l s
Modulat ion frequency  f^  = 5KC/s 
Loop ga in  K = 16KC/s
S ig n a l  to  N o ise  r a t i o  = 40db 
Frequency d e v i a t i o n  : A  f  
A r b i t r a r y  u n i t s :  ( a . u )
Delay  
p s e c s .
D i f f .O u t p u t  o f  
f i l t e r  ( a . u )  
a f  = 2KC/s
D i f f .O u t p u t  o f  
f i l t e r  ( a . u )
A f  = 3KC/s
D i f f .O u t p u t  o f  
f i l t e r  ( a . u )  
A f  = 4KC/s
D i f f .O u t p u t  
f i l t e r  ( a .u )  
a f  = 5KC/s
0 - 5 . 9 - 5 . 8 - 6 . 2 - 6 . 6
33 - 3 . 2 - 3 . 2 - 3 . 2 - 3 . 2
6 6 0 . 0 - 0 . 1 0 . 8 1 . 0
1 0 0 0 . 8 1 . 2 1 .4 1 . 6
133 - 2 . 0 - 1 . 8 - 1 . 8 - 1 . 8
166 6=544 - 5 . 2 - 5 . 6 - 5 . 8
2 0 0 - 5 . 9 - 5 . 8 - 6 . 2 - 6  . 6
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TABLE IV
C r o s s c o r r e l a t i o n  o f  E r r o r  and M o d u l a t i o n  S i g n a l s
M odulat ion frequency  f^  = 5KC/s 
Loop ga in  K = 8 KC/s
Frequency d e v i a t i o n :  A f  
A r b i t r a r y  u n i t s  : ( a . u )
Delay  
p s e c s .
.................................1
D i f f .O u t p u t  o f  
f i l t e r  ( a . u )
Af  = 2KC/s
D i f f .O u t p u t  o f  
f i l t e r  ( a . u )  
a f  = 3KC/s
D if f .O u t p u t  o f  
f i l t e r  ( a . u )
A f = 5KC/s
0 , - 2 . 8 - 2 . 8 - 2 . 6
,
33 - 1 . 2 - 9 . 8 - 0 . 8
6 6 + 1 . 2 + 2 . 2 + 2 . 4
1 0 0 + 1 . 8 + 3 . 0 + 1 . 4
133 - 2 . 0 - 1 . 4 5 - 1 . 6
2 0 0 - 2 . 8 - 2 . 8 - 2 . 6
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Four ier  s e r i e s  c o e f f i c i e n t s .
Tables  V and VI g i v e  th e  Four ier  s e r i e s  c o e f f i c i e n t s  determined
from d ata  i n  Tables  I  and I I  r e s p e c t i v e l y .  A computer program was
w r i t t e n  for  t h i s  purpose  s p e c i f i c a l l y .  The r e s u l t s  were confirmed u s i n g
Î 7 )a standard IMB program
TABLE V
Modulation frequency  f^  = 5KC/s
Loop gain K = 16KC/S
Fourier Frequency
-------------------------------------------
F r e q u e n c y Frequency Frequency
S e r i e s  Co­ D e v i a t i o n D e v i a t i o n D e v i a t i o n D e v i a t i o n
e f f i c i e n t s A f  = 2KC/s a f  = 3KC/s A f  = 4KC/s A f  = 5KC/s
^ 0
- 3 . 9 8 - 3 . 9 6 - 3 . 5 9 - 3 . 7 6
^ 1
3 .387 4 .5196 3 .6 5 8 2 .8 6 4
^ 2
1 .5 4  X l O ' l - 6 . 8 5 4  X 10"^ - 8 . 0 4  X 10"2 1 .9 65  X  l O ' l
^3 - 0 .4 1 1 6  X 10"^ - 2 . 4 6  X 10"^ 4 .6 8 7  X 10~^ 1 .3599  X ICT^
» .
- 1 . 9 4 4  X lO"^ - 1 . 4 5 9  X lO"^ - 2 . 4 5 4  X 10"^ - 1 . 1 6 5  X l O ' l
4 .0 0 0 2  X 10"2 - 7 . 9 9 9  X  lO"^ - 2 . 4 5 4  X lO'^ 1.86 X lO'G
. ’^ l
- 2 . 8 2 5 4  X l O ' l -5 .7 0 6 1 6  X 10"2 5 .2 0 4  X lO"^ 4 .1 4 6  X 10"^
^ 2
1 .5 3 8  X  10"4 8 .7 8 4  X lO"^ 55 .877  X 10"3 4 .1 4 6  X lO"^
9 .576  X 10"2 3 .5 267  X 10"^ 2 .0 4  X lO'^ - 8 . 8 9  X 10"^
^4 - 3 . 6 3 2  X 10"2 2 . 8  X 10"2 - 9 . 5 1  X 10"3 - 3 . 2 8 9  X  lO"^
"5 - 6 . 2 3 9  X  10‘ ® - 1 .0 4 7  X  lO"^ - 7 . 3 1 9  X lO"® - 4 . 7 9 9  X 10"®
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TABLE VI 
Four ier  S e r i e s  C o e f f i c i e n t s
Modulat ion frequency  f^  = 5KC/s
Loop gain K = 8KC/s
Fourier
1
Frequency
1
Frequency Frequency
S e r i e s  Co­ D e v i a t i o n D e v i a t i o n D e v i a t i o n
e f f i c i e n t s A f  = 2KC/s A f  = 3KC/s A f  = 5KC/S
^ 0
- 1 . 7 1 8 -2 .0 9 0 7 - 3 .2 6 6
^ 1
1 .87 1 .9914 2 .2 7 8
^ 2
- 3 . 3 9 8  X lO'^ 4 .4 276  X lO"® 1.225  X  lO"®
ag 2.055  X  10"2 1 .179  X lO"® 1.545  X 10"1
^4 6 . 7 0 8  X lO"® 1.3933  X lO"® 1.0758  X 10"®
^5 - 0 . 0 5 8  X lO’ ® - 3 . 2 2 7 8  X  10"2 1.3335 X lO"®
- 1 . 3 9 7  X 10"2 - 2 . 5 7 2 1  X  10"® - 1 .2 0 7 7  X  lO"®
^ 2
1.397 X  10"2 - 3 .1 8 6 1  X  lO"® 4 .7 2 3 1 1  X  10"1
- 3 . 2 9 8  X  10"® - 1 . 9 8  X  10'® 5 .2 7 1 9  X  lO"®
\ - 3 . 2 9 8  X  lO"® - 6 . 2 0 6  X  lO"® 5 .0 9 6 2  X  lO"®
- 4 .2 1 8 5  X 10"® - 9 . 9 5 7  X 10"® 8.0047  X 10"9
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CHAPTER V 
COMPARISON OF RESULTS
We have  shown e a r l i e r  t h a t  c o r r e l a t i o n  r e s u l t s  a r e  g i v e n  by 
e q u a t i o n s (31)  and ( 3 3 ) ,  t h e o r e t i c a l l y  ha s  been  found to  be r o u g h l y
100 t im e s  g r e a t e r  t h a n  Ag. We f o l l o w  t h e  scheme e n u n c i a t e d  below 
t o  compare e x p e r i m e n t a l  a u t o c o r r e l a t i o n  r e s u l t s  w i t h  t h o s e  o b t a i n e d  
on t h e  b a s i s  o f  t h e o r e t i c a l  f i n d i n g s .
The a u t o c o r r e l a t i o n  o b t a i n e d  i n  e q u a t i o n  (33)  i s  r e p r o d u c e d  f o r  
c o n v e n i e n c e .
0 ^(T) = ( c o e f f  1)® cos coT + ( c o e f f  3 ) ® cos 3mT + . . .
3 . 2 . , 2A^  A An A An
where  c o e f f  .1 = - —i -  j  Eg  - — ' —
3 .3  ,2  .A-, A n  A An
c o e f f  3= An - —- +  —n— _ —i— _
3 24 8 4
l e t  = ( c o e f p j . ) ^   ^ .  ( c o | £ £ J ) 2  ( 3 4 )
P and Pg o b t a i n e d  from t h e o r e t i c a l  r e s u l t s  a r e  l i s t e d  i n  T a b le  V I I I .  
E x p e r i m e n t a l  r e s u l t s  must  be n o r m a l i z e d  f o r  a f r u i t f u l  c o m p a r i s o n .  The 
n o r m a l i z a t i o n  p r o c e s s  i s  i n d i c a t e d  be low .
a 5
f ( t )  = 7-^ + Z a cos  no)t b s i n  rmt
2 , I n  Inn= l
- 3 0 -
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a 5
g ( t )  = f ( t )  - = z a_ cos  ivjot + b s i n  nmt
2  In In
m (t )  = 4 ^ - 1g(0 )  P, C O S  nmt +  q s i n  nu)tn= l  In n
( 3 5 )
Example
The r e s u l t s  i n  Table I  for  f requency  d e v i a t i o n  o f  2KC/s are  used  
to  e x p l a in  the  n o r m a l i z a t i o n  p r o c e s s  above.
TABLE VII
Normalized Four ier  S e r i e s  C o e f f i c i e n t s
Frequency d e v i a t i o n  
Loop ga in  K
a
2KC/S 
16KC/s
= - 1 . 7 4
f ( t ) g ( t )  = 
f ( t )  -  f o  
2
Fourier  
S e r i e s  Co­
e f f i c i e n t s
Normalized  
Fourier  S e r i e s  
C o e f f i c i e n t s
1 . 8 3 . 5 4 1 . 0 a^ = 3 . 3 8 p^ = 0 .055
1 . 1 2 .8 4 0.803 a^ = 0 .159 Pg = 0 .045
- 1 . 0 - 0 . 7 4 - 0 . 2 6 2 a^ = - 0 . 0 0 9 4 Pg = - 0 .0 0 2 6
-3V44 - 1 . 6 6 - 0 . 4 6 9 a, = - 0 .0 1 9 4  4 p^ = - 0 .0 0 5 4 8
- 4 . 6 - 2 . 8 0 - - 0 . 7 9 = 0 .0 0 4 Pg = 0 .00113
- 5 . 0 - 3 . 2 6 - 0 . 9 2 b^ = - 0 .2 8 2 5 q^ = - 0 .0 8 0 7
- 4 . 2 - 2 . 4 6 - 0 .6 9 5 b^ = - 0 .1 5 3 q^ = - 0 .0 4 5
- 2 . 5 - 0 . 7 6 - 0 . 2 1 5 b^ = - 0 .0 9 5 7 q^ = - 0 . 0 2 7 1
- 0 . 6 1 .1 4 + 0 .3 2 2 b, = - 0 .0 3 6 3 9 4  = - 0 . 0 1
1 . 0 2 .7 4 + 0 .775 b^ = 0 . 0 0 0 0 q^ = 0 . 0 0 0 0
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F o l lo w in g  the n o r m a l i z a t i o n  scheme mentioned above ,  the r e s u l t s  
from our d a ta  and t h e o r e t i c a l  v a l u e s  o b ta in ed  e a r l i e r  are l i s t e d
P3
below i n  Tables  VIII  (a )  and ( b ) . We ob se r ve  that /p. IS i n
g e n e r a l  o f  the  order o f  ^3/^^ . We do no t  e x p e c t  and | p ^ |  and
and IP 3  ^ to  be comparable,  s i n c e  t h e s e  have been o b ta in ed  i n  an
Loop ga in
TABLE VIII  (a )
K = 16KC/S 
S/N = 40db
Frequency
D e v ia t io n
KC/s
THEORETICAL RESULTS EXPERIMENTAL RESULTS
P i
a r b . u n i t s
P 3
a r b . u n i t s
I'll
a r b . u n i t
1 3^ !
s a r b . u n i t s
P3 / P 1 j
2
3
4
5
0 .32
0 .5
0 .57
0 .59
0 .5  E-03  
. 0 .27  E-02 
0 .9  E-02 
0 . 2  E-01
1.56 E-03 
0 .5 4  E-02  
1 .5 8  E-02  
3 . 4  E-02
0 .955
1 . 0 2
1 .03
1 .05
2 .06  E-03 
0 .97  E-02 
1 .42  E-02  
0 .5 3  E-01
2 .7 8  E-03 
0 .96  E-02 
1 .4  E-02  
5 . 0  E-02
Loop gain
TABLE VIII  (b)
K = 8KC/s 
S/N = 65db
Frequency
D e v ia t io n
KC/s
THEORETICAL RESULTS EXPERIMENTAL RESULTS
P i
a r b . uni
P3
;s a r b . u n i t s
^ ^ /p l I h l
a r b . uni
1^3 1
t s  a r b . u n i t
2
3
5
0 .15
0 .293
0 .555
0 .3 2  E-04 
3.225XE-04  
4 . 9  E-02
2.13x10"^  
1 .1  E-03 
9 .1 5  E-02
0 .99
0.97
0 . 8 6
1 .07  E-03 
5 .7 5  E-03 
5 .8 7  E-02
1 .0 98  E-03 
5 . 9 2  E-03 
6 . 7 8  E-02
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a l t o g e t h e r  d i f f e r e n t  manner, on ly  th e  r a t i o s  o f  t h e s e  can be compared.  
Note t h a t  the n o r m a l i z a t i o n  p r o c e s s  i n  no way e f f e c t s  t h e s e  r a t i o s .
A c e r t a i n  amount o f  d i v e r g e n c e  i n  r e s u l t s  i s  expected  and oc c u r s  because  
o f  t h e  f o l l o w i n g  r e a s o n s .
(a )  The d iv e r g e n c e  i s  h igh e r  fo r  lower loop ga in  due to g r e a te r  i n ­
s t a b i l i t y  o f  the  system.
(b)  The exp e r im en ta l  c o r r e l a t i o n  r e s u l t s  are observed  to two dec im al
p l a c e s  due to  p r a c t i c a l  l i m i t a t i o n s .  This  produces an error  i n  
the d e t e r m in a t i o n  o f  Four ier  c o e f f i c i e n t s  and the  error  i s  more 
r e l e v a n t  fo r  h igh e r  Four ier  c o e f f i c i e n t s  which are  smal l  i n  our 
c a s e .  In  order to  c l a r i f y  t h i s  p o i n t  f u r t h e r ,  c o n s id e r  the  problem  
o f  f i t t i n g  a f i n i t e  t r i g o n o m e t r i c  sum to  a s e t  o f  observed  v a l u e s  
( X i , y f ) .  Let the  s e t  o f  observed  v a l u e s
be such t h a t  the  v a l u e s  o f  y s t a r t  r e p e a t i n g  w i t h  y^^ ( i . e .  y^^ = y^)
Assume x^ are e q u a l l y  spaced and x^ = 0 and t h a t  x^^ = 2jt.
The t r i g o n o m e t r i c  po lynom ia l
n - 1 n
y = P + Z P. cos  kx +  Z 0, s i n  kx (36 )
° k.l k k=l *'
Contains the  2n unknown c o n s t a n t s
^o' ^ l ’ ^2’ " ' ^n-1 '  ®1’ ®2’ " •  ’ ®n ’
which can be de termined so t h a t  e q u a t io n  (36)  w i l l  p a s s  through the  
2n g iv en  p o i n t s  ( x ^ ,y ^ )  by s o l v i n g  the  2n s im ul tan eou s  e q u a t io n s
n-1 n
y ,  = P + Z P. cos  k x .  + Z 0, s i n  k x.  (37)
^  o k=l  k 1 k=l  k 1
i  = 0 , 1 , . . . ,  2 n - 1
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fa]
I t  can  be shown t h a t  F o u r i e r  c o e f f i c i e n t s  a r e  g i v e n  by
2 n - l
. = 2 y .  cos  j = l , 2 , . . . , n - l  (38)
j i= 0  1 "
2 n - l
n 0 . = 2 y .  s i n  — j = l , 2 , . . . , n - l  (39)
j i= 0  1 n
From e q u a t io n  (38)  and ( 3 9 ) ,  we o b s e r v e  t h a t  when P y  and 0^ ^re 
s m a l l ,  an a c c u r a te  d e t e r m in a t i o n  o f  t h e s e  c o e f f i c i e n t s  depends h e a v i l y  
on the  d e gree  o f  accuracy  to which y^ are known. A rough e s t i m a t e  
o f  error  can be ob t a in e d  by i n t r o d u c i n g  a random error  f u n c t i o n  
such t h a t
2 n - l
I ^  ^ ~ (y^ +  e^) cos  j = 1 , 2 , .  . .  , n - l  (40 )
2 n - l
n ( 0  +  Ô 0 . )  = 2 (y +  e . )  s i n  j = l , 2 , . . . , n - l  (41 )
J J i = 0  I I  II
where 6P^ and 50^ are the  error  Fou r ie r  c o e f f i c i e n t s .  S in c e  i n  
our c a s e  2n = 10 and we are i n t e r e s t e d  i n  3rd Four ier  c o e f f i c i e n t ,  
the  maximum error  i n  terms o f  average  e r ro r  e i s  g iv e n  by
8P = 2 e .  cos  / \ y  -i e
® 5 i= 0  1 5 ®
€ A/ 0 .005  ( F o l lo w s  from t h e  output  accuracy  c o n s i d e r a t i o n s )
-3
hence  ô P ^ 0. 001 10
This  p u t s  an upper l i m i t  t o  the d e gree  to which the c o e f f i c i e n t s  
can be compared.
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The c r o s s c o r r e l a t i o n  r e s u l t s  a r e  u s e d  t o  o b t a i n  a r o u g h  e s t i m a t e  o f  t h e
ampl itude  o f  the fundamental  and the t h i r d  harmonic component o f  p hase .
0 ( r a d i a n s ) .  We assume the f o l l o w i n g
( a )  N o i s e  has  i n s i g n i f i c a n t  e f f e c t  on t h e  d i f f e r e n t i a l  o u t p u t
(b)  the d i f f e r e n t i a l  output  o f  the  f i l t e r  i s  d i r e c t l y  p r o p o r t i o n a l  to
the  c r o s s c o r r e l a t i o n  when the  two in p u t s  are th e  m odula t ion  and 
the  error  s i g n a l s .
These assumptions  are  true  under ba lanced  c o n d i t i o n s ,  i . e .  when 
s i g n a l  to  n o i s e  r a t i o  i s  h igh  and on i n te r c h a n g i n g  the  two i n p u t s  the
output  shows no a p p r e c ia b le  change.
The a u t o c o r r e l a t i o n  o f  a s i n u s i o d a l  s i g n a l  i s  g i v e n  by
.2
0 . . ( T )  = _  cos  mT (42)
11 2 '
where A i s  the ampli tude  o f  f requency  m and T i s  the  d e l a y .
I f  f  = 5KC/s and T = 100 / 4  s e c s ,  then i t  f o l l o w s  t h a t
0 f i ( O )  - 0 i f ( lO O )  = GA® (43 )
where G i s  a c o n s ta n t  o f  p r o p o r t i o n a l i t y .
With a known s i g n a l  ampl itude  we have observed  a u t o c o r r e l a t i o n  
r e s u l t s  o f  a 5KG/s s i n u s o i d  and found G to  be 25.
From e q u a t io n  (31 )  the  c r o s s c o r r e l a t i o n  r e s u l t s  f o l l o w .
0 .  (T) = 1 /2  AK l e  o c o e f f  1 cos  o)T (44 )
3 2 2
w her e c o e f f  1 = A^ -  ' 1^ +  ^3 _ ^3
8“  8 '  4
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“36"
i^ieClOO) = GA ( c o e f f  1) ( 4 5 )
0 )T = rt when T = 100 ^  s e c s .
The ampl itude  A has been m ain ta ined  c o n s t a n t  and i s  0 . 3 ,  
was o f  order u n i t ,  hence  i t  does  not  appear i n  ( 4 5 ) .  From Tab les  I I I  
and IV, we can e a s i l y  o b t a i n  c o e f f  1 as  f o l l o w s .
c o e f f  1 =
(G X A)
4 j e ( 0 )  ■ 0 ie ( lOO)  
7 .5
Con sider in g  A  ^ »  A^, a rough e s t i m a t e  o f  A  ^ i s  o b t a in e d  from e x p e r i ­
m e n t a l ly  o b ta in ed  c o e f f  1 .  S ince
A®
c o e f f  IfKt  A. - —
1 8
we can e a s i l y  f i n d  A^. R e s u l t s  appear i n  Table IX.
TABLE IX . 
Comparison o f  R e s u l t s
. kT
Loop
ga in
K
KC/s
Frequency
D e v ia t io n
cu
KC/s
THEORETICAL EXPERIMENTAL -
rad
*3
rad
c o e f f ]
*1rad
c o e f f  1
16 2 0.8955 0.00219 0.893 0.89 0.8058
16 3 I . 21157 0.00542 0.9333 1.2 0.99024
16 4 1.4657 0.00960 0.986 1.45 1.07484
16 5 1.67767 0.0144 1.095 1.62 1.09241
8 2 0.5718 0.00028 0.619 0.55 0.54844
8 3 0.84011 0.0009 0.772 0.845 0.76607
8 5 1.3247 0.000354 0 .8 1.3 1.03489 1
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A rough e s t i m a t e  o f  A  ^ can be o b ta in ed  by u s in g  the  v a l u e s  
o f  c o e f f  1 determined e x p e r im e n t a l ly  and v a l u e s  o f  A^  o b ta in ed  from 
th e o r y .  We know
2 2 
A. Ag A-| Ag
c o e f f  1 / VA^  -  — g—  + — g----
By c h o o s in g  t r i a l  v a l u e s  we can e a s i l y  o b t a i n  a rough e s t i m a t e  
o f  Ag. R e s u l t s  u s i n g  t h i s  t echn iqu e  appear i n  Table X.
TABLE X 
Comparison o f  R e s u l t s
Loop
Gain
K
KC/s
Frequency
D e v i a t i o n
KC/s
THEORETICAL EXPERIMENTAL
^1rad ^3 - rad rad'3
c o e f f  1
16 2 0 .8955 0 .00219 0 .0021 0.8059
16 3 1.21157 0 .00542 0 .0052 0 .99024
16 4 1 .4657 0.0096 0 .011 1 .07484
16 5 1.67767 0 .0144 0 .015 1.09241
8 2 0 .5718 0 .00028 0 .0002 0 .5844
8 3 0 .84011 0 .0009 0 .001 0.76607
8 5 1.3247 0.00035 0 .0003 1.03489
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CHAPTER V]
CONCLUSIONS
I t  h a s  b e e n  found  t h a t  t h e  c o r r e l a t i o n  a n a l y s i s  g i v e s  r e s u l t s  
wh ich  compare f a v o u r a b l y  w i t h  t h o s e  d e r i v e d  from t h e  t h e o r e t i c a l l y  
p r e d i c t e d  v a l u e s  by Dr. S.N.  K a l r a  and P.H.  A l e x a n d e r .
[n T a b le s  V I I I  ( a )  and (b )  we have  o b t a i n e d  ;I P3 from our  au to -
I r 1
' Pa /c o r r e l a t i o n  r e s u l t s  and t h e s e  a r e  r e a s o n a b l y  c l o s e  t o  Pq o b t a i n e d
f rom t h e o r y  we have  chosen  to  compare t h e  r a t i o s  o f  n o r m a l i z e d  F o u r i e r  
s e r i e s  c o e f f i c i e n t s  due to  t h e  f a c t  t h a t  e x p e r i m e n t a l l y  c o r r e l a t i o n  
r e s u l t s  a r e  i n  t h e  form o f  a d i f f e r e n t i a l  o u t p u t .
We have  d e r i v e d  c o e f f  1 and from c r o s s c o r r e l a t i o n  o u t p u t  wh ich
i s  i n  ag re e m e n t  w i t h  c o e f f  1 and A. c a l c u l a t e d  from t h e o r e t i c a l  
r e s u l t s .  The r e s u l t s  a r e  l i s t e d  i n  T a b le  IX.
I n  g e n e r a l  we have  found t h a t  u nde r  s t a b l e  c o n d i t i o n s ,  i . e .  h i g h  
loop  g a i n ,  h i g h  s i g n a l  to  n o i s e  r a t i o  and f r e q u e n c y  d e v i a t i o n  l e s s  t h a n  
t h e  m o d u l a t i n g  f r e q u e n c y  t h e  r e s u l t s  o b t a i n e d  a r e  i n  c l o s e  ag re e m e n t  
w i t h  t h e o r y .
When t h e s e  c o n d i t i o n s  a r e  n o t  met ,  t h e  loop  r e m a in s  s t a b l e  f o r  
s h o r t  d u r a t i o n s ,  a l s o  a c e r t a i n  amount o f  d r i f t  e n s u e s ,  t h e  d a t a  
o b s e r v e d  shows a c o n s i d e r a b l e  change  i f  r e p e a t e d .
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